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ON THE METAPLECTIC GROUP IN EVEN RESIDUAL
CHARACTERISTIC
GORDAN SAVIN AND AARON WOOD
ABSTRACT. For maximal compact subgroups of the metaplectic group, the min-
imal types in the Schro¨dinger model of the Weil representation are calculated
explicitly. Although these types are known in the case of odd residual character-
istic, this computation is done for arbitrary residual characteristic.
INTRODUCTION
Let k be a nonarchimedian local field, o its ring of integers, and ̟ a uniformizer
of o; the characteristic of k is assumed to not be 2; there is no restriction on the
residual characteristic, i.e., q = |o/̟o| may be any prime power. Fix a nontrivial,
smooth, additive character ψ of k of conductor 2e, where e is the valuation of 2 in
k. Let W be a symplectic vector space over k and ω=ωψ the Weil representation
of the metaplectic group S˜p(W).
The restriction of ω to the maximal compact subgroups of S˜p(W) is well un-
derstood if k has odd residual characteristic, for instance, in [3]. The goal of this
paper is to extend this understanding to the case of even residual characteristic.
Fix a symplectic basis {e1, . . . ,en,f1, . . . ,fn} ofW; let Y be the subspace spanned
by the fi. The standard lattice L0 ⊂ W is the o-span of the symplectic basis.
Define the sequence of lattices L0 ⊃ L1 ⊃ ·· · ⊃ Ln, where Li is the o-span of
{e1, . . . ,en,̟f1, . . . ,̟fi,fi+1, . . . ,fn}. Let L∗i be the dual lattice, i.e., the o-span
of {̟−1e1, . . . ,̟−1ei,ei+1, . . . ,en,f1, . . . ,fn}.
Let Ki be the subgroup of Sp(W) which stabilizes Li (equivalently L∗i ). The
groups K0, . . . , Kn are the only maximal compact subgroups which contain the
Iwahori subgroup I = ∩Ki, and every maximal compact subgroup of Sp(W) is
conjugate to one of these Ki. For each i, consider the lattices Li = Li ∩ Y and
L ′i = L
∗
i ∩Y. Note that L ′i = L0 for all i.
Let S(Y) be the space of Schwartz functions on Y. The lattices Li and L ′i in-
duce a filtration on S(Y) as follows. For an integer m, let Si,m be the space of
Schwartz functions which are supported on̟−mL ′i and invariant under translation
by 2̟mLi, and let S ′i,m be the space of those which are supported on ̟−mLi and
invariant under translation by 2̟mL ′i. Each of these may be identified with the
Schwartz functions on a quotient space:
Si,m = S(̟
−mL ′i/2̟mLi) and S ′i,m = S(̟−mLi/2̟mL ′i).
For U⊂ S(Y), denote by U+ (resp. U−) the even (resp. odd) functions in U.
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Let K˜i denote the full inverse image of Ki in S˜p(W). The main theorem of
this paper describes the minimal types of K˜i in the Schro¨dinger model of the Weil
representation ω on S(Y).
Theorem A. The maximal compact subgroup K˜i preserves the filtration
Si,0 ⊂ S
′
i,1 ⊂ Si,1 ⊂ S
′
i,2 ⊂ Si,2 ⊂ . . .
and acts irreducibly on the components S+i,0 and S
−
i,0 of the minimal type.
To describe these types more explicitly, denote the o-span of any r basis ele-
ments of Y = kn by or. That is, Li =̟oi⊕ on−i and L ′i = on.
For i= 0, the filtration is S0,0 ⊂ S0,1 ⊂ S0,2 ⊂ . . . and the minimal type of K˜0 is
S0,0 = S
+
0,0 = S(L0/2L0) = S(o
n/2on).
The dimension of S0,0 is qen.
For i= n, the filtration is Sn,0 ⊂ Sn,1 ⊂ Sn,2 ⊂ . . . and the minimal type of K˜n
decomposes as Sn,0 = S+n,0⊕S
−
n,0, where
S±n,0 = S(L
′
n/2Ln)± = S(on/2̟on)±.
The dimension of S±n,0 is
1
2q
en(qn±1).
Generally, the minimal type of K˜i decomposes as Si,0 = S+i,0⊕S
−
i,0, where
S±i,0 = S(L
′
i/2Li)± = S(oi/2̟oi)±⊗S(on−i/2on−i).
The dimension of S±i,0 is
qen
2 (q
i±1).
The first six sections are dedicated to providing the necessary background ma-
terial and notation. Theorem A is proved in §7 as Theorems A.1, A.2, and A.3.
NOTATION
Throughout this paper, let k be a nonarchimedian local field; assume the char-
acteristic of k is different from 2. Let o be the ring of integers and ̟ a uniformizer
of o. Denote by q the order of the residue field o/̟o.
Let e be the valuation of 2 in k: if q is even, then e is the ramification index of
2; if q is odd, then e= 0.
Fix a nontrivial, smooth, additive character ψ of k; assume that the conductor
of ψ is c= 2e, i.e., that ψ(tx) = 1 for all t ∈ o if and only if x ∈ 4o.
For a 2n-dimensional symplectic vector space over any field, fix a symplectic
basis {e1, . . . ,en,f1, . . . ,fn} so that the symplectic form Q is given by
Q(u,v) = ⊺u
[
0 1
−1 0
]
v.
Let X be the subspace spanned by {e1, . . . ,en} and Y the subspace spanned by
{f1, . . . ,fn}; the decomposition W =X+Y is a polarization of the symplectic space.
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1. SCHWARTZ FUNCTIONS
Let V be a finite-dimensional vector space over k with a Haar measure dv. A
Schwartz function on V is a smooth, compactly supported, complex-valued func-
tion; the space of such functions will be designated by S(V).
Let V∗ = Homk(V ,k) be the linear dual of V . Define the Fourier transform,
relative to ψ, to be the map from S(V) to S(V∗), written φ 7→ φ̂, given by
φ̂(v∗) =
∫
V
ψ(2〈v,v∗〉)φ(v)dv.
Here, 〈 , 〉 is the canonical pairing on V ×V∗. The Haar measure dv∗ on V∗ is
normalized so that the Fourier transform is self-dual:̂̂
φ(−v) = φ(v).
By fixing a basis of V and identifying v∗ ∈ V∗ with v ∈ V by 〈u,v∗〉= ⊺uv, the
Fourier transform becomes the operator on S(V) given by
φ̂(u) =
∫
V
ψ(2⊺vu)φ(v)dv.
The identification of V and V∗ gives a unique normalization of the Haar measure
dv. Moreover, S(V) has the tensor product structure S(k)⊗ ·· · ⊗ S(k), and the
Fourier transform on S(V) is precisely the Fourier transform on each of the S(k)
factors.
Fix the lattice L to be the o-span of the chosen basis of V . For each φ ∈ S(V),
there exist integers r,s with r6 e+s, such that φ is supported on ̟rL and invari-
ant under translation by 2̟sL. The subspace of such functions will be identified
with the space of Schwartz functions on ̟rL/2̟sL, of dimension q(e+s−r)n.
Note that v∈V is congruent to −vmodulo 2̟sL if and only if v∈̟sL; that is,
for r> s, there are no odd functions in S(̟rL/2̟sL). Otherwise, it decomposes
into subspaces of even and odd functions, denoted respectively by S(̟rL/2̟sL)+
and S(̟rL/2̟sL)−, of dimensions
dimS(̟rL/2̟sL)± = 12q
en
(
q(s−r)n±1
)
.
To be explicit, for U ⊂ V , designate the characterstic function on U by X(U).
For a fixed s ∈ Z, if v ∈̟sL, define the even function φ+v = X(v+2̟sL); other-
wise, define the even function
φ+v = X(v+2̟sL)+X(−v+2̟sL)
and the odd function
φ−v = X(v+2̟sL)−X(−v+2̟sL).
(Note that only one of {v,−v} is needed in order to define a set of linearly inde-
pendent functions.) The functions φ±v , as v ranges over ̟rL/2̟sL (modulo ±1),
form a basis for S(̟rL/2̟sL)±, giving the dimension count above.
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Lemma 1. For any integers r,s with r6 e+ s, the Fourier transform maps
S(̟rL/2̟sL)→ S(̟−sL/2̟−rL).
Moreover, the Fourier transform of X(2̟sL) is vol(2̟sL)X(̟−sL).
Proof. Suppose that φ is invariant under translation by any z ∈ 2̟sL. Then,
φ̂(v) =
∫
V
ψ(2⊺uv)φ(u)du =
∫
V
ψ(2⊺uv)φ(u+ z)du =ψ(−2⊺zv)φ̂(v).
Hence, either φ̂(v) = 0, or ψ(−2⊺zv) = 1 for all z ∈ 2̟sL; that is, the support
of φ̂ is contained in ̟−sL. Applying this to φ̂ and using the self-duality of the
Fourier transform, the first statement is proved. As
X̂(2̟sL)(v) =
∫
2̟sL
ψ(−2⊺uv)du =
{
vol(2̟sL) if v ∈̟−sL
0 otherwise,
the second statement is also proved. 
2. ROOTS AND AFFINE ROOTS
Let g be a simple Lie agebra over C, h a Cartan subalgebra, and h∗=HomC(h,C)
its linear dual. The natural pairing ( , ) : h×h∗→ C is given by
(a,α) = α(a).
Designate by ∆ ⊂ h∗ the roots of h and choose a subset Π of simple roots; write
∆+ and ∆− for the corresponding sets of positive and negative roots, respectively.
For each root α ∈ h∗, define the co-root αˇ ∈ h by (αˇ,α) = 2.
For α ∈ h∗ and m ∈ Z, define the affine functional α+m : h→ C by
(α+m)(a) = α(a)+m.
The set of affine roots is defined to be ∆aff = {α+m : α ∈ ∆,m ∈ Z}. If δ is the
highest root in ∆, then Πaff = Π∪ {−δ+1} is a set of simple affine roots.
Let hR be the real vector space spanned by the co-roots. Each α+m ∈ ∆aff
determines an affine hyperplane
Pα+m =
{
a ∈ hR : (α+m)(a) = 0
}
,
and a reflection sα+m of hR across Pα+m, i.e.,
sα+m(a) = a−(α+m)(a)αˇ.
For d ∈ h, let T(d) : h→ h be the translation T(d)(a) = a+d. In particular,
sα+m = T(−mαˇ)sα.
The Weyl group Ω is the group generated by the reflections {sα : α ∈ ∆}; simi-
larly, the affine Weyl groupΩaff is generated by the affine reflections {sµ :µ∈∆aff}.
In fact, Ω is generated by simple reflections {sα : α ∈ Π} and Ωaff is generated by
simple affine reflections {sµ : µ ∈ Πaff}.
Define the co-root lattice in hR to be the Z-span of the simple co-roots, i.e., the
Z-span of {αˇ : α ∈ Π}, and let D be the group of translations by elements of the
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co-root lattice. Since s−δ+1 = T(ˇδ)s−δ and wT(d)w−1 = T
(
w(d)
)
for allw∈Ω,
the affine Weyl group Ωaff is the semidirect product DΩ.
The chambers of ∆aff are the connected components of the complement in hR to
the collection of hyperplanes {Pµ : µ ∈ ∆aff}. As the affine Weyl group permutes
the collection of affine hyperlanes, it acts on the set of chambers; this action is
simply transitive. The fundamental chamber is the open set
C0 =
{
a ∈ h : 0 < (a,µ) < 1 for all µ ∈ Πaff
}
,
which is bounded by the hyperplanes {Pµ : µ ∈ Πaff}. See [2, §1.3] for details.
3. SYMPLECTIC LIE ALGEBRAS
Let WC = XC+YC be a 2n-dimensional complex symplectic vector space. The
symplectic Lie algebra sp(WC) is the algebra of endomorphisms T of WC satisfy-
ing Q(Tu,v)+Q(u,Tv) = 0 for all u,v ∈WC.
With respect to the symplectic basis, the symplectic Lie algebra is the subalgebra
of 2n×2n matrices given by
sp(WC) =
{[
a b
c −⊺a
]
: b= ⊺b,c= ⊺c
}
.
Let h be the Cartan algebra consisting of diagonal matrices,
h =
{
a = diag(a1, . . . ,an,−a1, . . . ,−an) : ai ∈ C
}
∼= Cn.
If {ǫ1, . . . ,ǫn} is the dual basis of h∗, i.e., ǫi(a) = ai, then the set of roots is
∆=
{
± (ǫi±ǫj) : 16 i < j6 n
}
∪
{
±2ǫi : 16 i6 n
}
,
and the simple roots may be taken to be Π = {α1, . . . ,αn}, where αn = 2ǫn and
αi= ǫi−ǫi+1 for i <n. The simple affine roots areΠaff = {α0,α1, . . . ,αn}, where
α0 =−δ+1 =−2ǫ1 +1.
The Weyl group Ω is generated by sα1 , . . . ,sαn , and the affine Weyl group Ωaff
is generated by sα0 , . . . ,sαn . Both of these are Coxeter groups, and the braid rela-
tions are given by the extended Dynkin diagram of type Cn, cf. [2, §1.8].
α0 α1 α2 αn
· · ·
The fundamental chamber C0 ⊂ hR ∼= Rn is bounded by the simple affine hyper-
planes Pα0 , . . . ,Pαn ; its vertices are z0, . . . ,zn, where zi is the intersection of the
Pαj such that j 6= i, i.e.,
z0 = (0,0, . . . ,0), z1 = (12 , 0, . . . ,0), . . . , zn = (
1
2 ,
1
2 , . . . ,
1
2).
4. SYMPLECTIC GROUPS
Let W = X+Y be a 2n-dimensional symplectic vector space over k. The sym-
plectic group Sp(W) is the group of invertible transformations of W that preserve
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Q. Under the symplectic basis, Sp(W) is the subgroup of GL2n(k) given by
Sp(W) =


[
a b
c d
]
:
⊺ad− ⊺cb= 1
⊺ac− ⊺ca= 0
⊺bd− ⊺db= 0

 .
The symplectic group has a maximal torus, H= (k×)n, where h= (h1, . . . ,hn)
acts on the symplectic basis by h(ei) = hiei and h(fi) = h−1i fi. This torus cor-
responds to the choice of root system ∆ given in the previous section. Define
H(o) = (o×)n.
For 1 6 i 6 n, define Xi to be the span of e1, . . . ,ei. The stabilizer of the flag
X1 ⊂ X2 ⊂ ·· · ⊂ Xn is a Borel subgroup of Sp(W) containing H; it corresponds to
the choice of simple roots Π given in the previous section.
For any α ∈ ∆, there is an injective homomorphism Φα : SL2(k)→ Sp(W), cf.
[4, §3 Cor. 6]. For t ∈ k, write
xα(t) =Φα
([
1 t
0 1
])
, x−α(t) =Φα
([
1 0
t 1
])
,
and, for t ∈ k×, write
wα(t) = xα(t)x−α(−t
−1)xα(t) =Φα
([
0 t
−t−1 0
])
,
hα(t) =wα(t)wα(−1) =Φα
([
t 0
0 t−1
])
.
These maps may be realized explicitly as follows. If Eij is the n×n matrix
with a 1 in the ij position and 0 elsewhere, then the xα(t) are given by
xǫi−ǫj(t) =
[
1+ tEij 0
0 1− tEji
]
,
xǫi+ǫj(t) =
[
1 t(Eij+Eji)
0 1
]
,
x2ǫi(t) =
[
1 tEii
0 1
]
.
Hence, for α= ǫi−ǫj, Φα
(
SL2(k)
)
acts as SL2(k) on the subspaces
kei⊕kej ⊂ X and kfj⊕kfi ⊂ Y,
and, for α= 2ǫi, Φα
(
SL2(k)
)
acts as SL2(k) on the subspace
kei⊕kfi ⊂W.
For any additive subgroup A⊂ k and any α ∈ ∆, define the subgroup
Xα(A) =
{
xα(t) : t ∈A
}
⊂ Sp(W).
The symplectic group is generated by the Xα(k), as α ranges over ∆.
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For an affine root α+m, define Φα+m : SL2(k)→ Sp(W) by
Φα+m
([
a b
c d
])
=Φα
([
a ̟mb
̟−mc d
])
.
The subgroup Φα+m
(
SL2(k)
)
contains the elements
xα+m(t) =Φα+m
([
1 t
0 1
])
= xα(̟
mt), t ∈ k,
wα+m(t) =Φα+m
([
0 t
−t−1 0
])
=wα(̟
mt), t ∈ k×,
hα+m(t) =Φα+m
([
t 0
0 t−1
])
= hα(t), t ∈ k×,
and is generated by Xα+m(k) and X−(α+m)(k). For α+m ∈ ∆aff, define the
affine root group Xα+m to be Xα(̟mo).
The torus H is generated by {hα(t) : α ∈ ∆,t ∈ k×}; the normalizer N of the
torus is generated by {hα(t),wα(t) : α ∈ ∆,t ∈ k×}. The generators of Ω ∼=N/H
are represented in Sp(W) by{
wα1(1), . . . ,wαn(1)
}
=
{
wα(1) : α ∈ Π
}
,
and the generators of Ωaff ∼=N/H(o) are represented by{
wα0(1), . . . ,wαn(1)
}
=
{
wµ(1) : µ ∈ Πaff
}
,
cf. [4, Lemma 22]. The longest element s2ǫ1 · · ·s2ǫn of the Weyl group is repre-
sented in Sp(W) by
w=
[
0 1
−1 0
]
.
For an element d= (d1, . . . ,dn) of the co-root lattice, T(d) is an element of the
affine Weyl group. Under the identification of sαi and wαi(1), by [2, §2.1], T(d)
may be represented in Sp(W) as the toral element
h2ǫ1(̟
−d1) · · ·h2ǫn(̟
−dn) = (̟−d1 , . . . ,̟−dn).
For 0 6 i 6 n, define ηi = h2ǫ1(̟−1) · · ·h2ǫi(̟−1), which corresponds to
T(1, . . . ,1,0, . . . ,0), where each of the first i components is 1. The element ηiw is
the longest element of the affine Weyl group that stabilizes the point zi.
5. COMPACT SUBGROUPS
The fundamental chamber corresponds to an Iwahori subgroup I of Sp(W) in
the sense that its unipotent radical is generated by those affine root groups Xµ
for which µ acts positively on C0; explicitly, I is the group generated by Xα for
α ∈ ∆+, Xα+1 for α ∈ ∆−, and H(o).
The maximal compact subgroups of Sp(W) containing I are obtained by choos-
ing a maximal proper subset Πaff r {αi} of the simple affine roots, or, equivalently,
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by choosing a vertex zi of the fundamental chamber of ∆aff. The vertex zi corre-
sponds to the maximal compact subgroup Ki, where Ki is the group generated by
those Xµ for which µ(zi)> 0, cf. [2, §2.5].
Removing the simple affine root αi from the extended Dynkin diagram yields
α0 α1 α2 αn
· · · if i= 0,
α0 α1
· · ·
αi−1 αi αi+1
· · ·
αn−1 αn
if 0 < i < n,
α0 α1 α2 αn
· · · if i= n,
so Ki is generated by the Xαj (j 6= i) and I∩Φαi
(
SL2(k)
)
; in other words, Ki is
generated by the Xαj (06 j6 n) along with X−αi+1 and H(o).
For 06 i6 n, it is straightforward to verify that Ki is the stabilizer of the lattice
Li and its dual L∗i , where
Li =
[
oe1⊕·· ·⊕ oen
]
⊕
[
̟(of1⊕·· ·⊕ ofi)⊕ ofi+1⊕·· ·⊕ ofn
]
.
Note that L0 is the standard lattice, i.e., the o-span of the symplectic basis, and that
Ln ⊂ ·· · ⊂ L1 ⊂ L0.
The element ηiw stabilizes Li, and is hence an element of Ki. In fact,
ηiwX−αi+1(ηiw)
−1 = Xαi ,
so Ki is generated by I and ηiw.
Note that the stabilizer of L0 is K0 = Sp(W)∩GL2n(o) = Sp2n(o), while the
stabilizer of Ln is Kn = g−1K0g, where g ∈GL2n(k) is given by
g=
[
̟1 0
0 1
]
.
For 0 < i < n, Ki contains a proper subgroup
〈Xαj : j < i〉× 〈Xαj : j > i〉
∼= Sp2i(o)×Sp2(n−i)(o).
The first factor is a ‘subgroup of type Kn’ of Sp2i(k); the second factor is a ‘sub-
group of type K0’ of Sp2(n−i)(k).
6. WEIL REPRESENTATION
The Heisenberg group H(W) is defined to be the set W×k with group multi-
plication
(u,s) · (v,t) =
(
u+v,s+ t+Q(u,v)
)
.
The symplectic group Sp(W) preserves Q, hence it acts as a group of automor-
phisms on H(W) by g(v,t) = (gv,t).
Let (ρ,S) be a representation of H(W) with central character ψ; that is, ρ acts
by ψ on the center {0}× k ∼= k. For g ∈ Sp(W) the twist of ρ by g, given by
ρg(v,t) = ρ(gv,t), also has central character ψ. The Stone-von Neumann theorem
implies that ρg is isomorphic to ρ, so there exists an intertwining operator T(g)
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on S such that T(g)ρ = ρgT(g). This operator is unique up to scalar and thus
defines a projective representation (T ,S) of Sp(W), which lifts uniquely to a linear
representation (ω,S) of the two-fold central extension S˜p(W) of Sp(W), called
the Weil representation with respect to ψ, cf. [6].
6.1. Schro¨dinger’s model. The polarization W =X+Y gives a realization for ω,
called the Schro¨dinger model, on the space S(Y) of Schwartz functions on Y,[
x˜(a)φ
]
(y) =ψ(⊺yay)φ(y),[
h˜(a)φ
]
(y) = βa|deta|
1/2φ(⊺ay),[
w˜φ
]
(y) = γ1φ̂(y).
Here,
x˜(a) is a lift of
[
1 a
0 1
]
for a ∈Mn(k) with ⊺a= a,
h˜(a) is a lift of
[
a 0
0 ⊺a−1
]
for a ∈ GLn(k),
w˜ is a lift of w=
[
0 1
−1 0
]
.
See [7, §1.7] for the details of this particular description. The constants βa and
γ1 are complex roots of unity, but their specific values are, at present, of no conse-
quence. Moreover, as the specific values of βa, deta, and γ1 will play no role in
this paper, the letter c will frequently be used in their stead. The exception to this
is the following fact: if deta = 1, then βa = 1.
As S˜p(W) is a central extension of Sp(W), the elements xα(t) ∈ Sp(W) lift
canonically to x˜α(t) ∈ S˜p(W); the x˜α(t) are additive in t, so each affine root
group Xµ lifts uniquely to X˜µ, cf. [4, Thm 10]. Let H˜ and H˜(o) be the full inverse
images of H and H(o), respectively.
Lemma 2. The Chevalley generators x˜α(t) act on S(Y) by[
x˜ǫj−ǫk(t)φ
]
(y) = φ(y+ tyjfk),[
x˜ǫj+ǫk(t)φ
]
(y) =ψ(2tyjyk)φ(y),[
x˜2ǫj(t)φ
]
(y) =ψ(ty2j)φ(y).
A lift h˜ ∈ H˜ of h= (h1, . . . ,hn) ∈H acts by[
h˜φ
]
(y) = cφ
(
h−1(y)
)
= cφ(h1y1, . . . ,hnyn).
7. K˜-TYPES IN SCHRO¨DINGER’S MODEL
The maximal compact subgroups of S˜p(W) are the full inverse images of those
of Sp(W); denote by K˜i the full inverse image of Ki. Recall that Ki is the stabilizer
of the lattice
Li =
[
oe1⊕·· ·⊕ oen
]
⊕
[
̟(of1⊕·· ·⊕ ofi)⊕ ofi+1⊕·· ·⊕ ofn
]
;
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it is also the stabilizer of the dual lattice
L∗i =
[
̟−1(oe1⊕·· ·⊕ oei)⊕ oei+1⊕·· ·⊕en
]
⊕
[
of1⊕·· ·⊕ fn
]
.
Define
Li = Li∩Y =̟o
i⊕ on−i and L ′i =L∗i ∩Y = on.
Then,
· · · ⊂̟Li ⊂̟L
′
i ⊂ Li ⊂ L
′
i ⊂̟
−1Li ⊂̟
−1L ′i ⊂ ·· · .
Suppose that φ ∈ S(Y) is invariant under translation by
2̟mLi = 2̟m(̟oi⊕ on−i)
so that φ̂, by Lemma 1, is supported on ̟−m(̟−1oi⊕on−i). If η˜i is a lift of ηi,
then η˜iw˜φ is supported on y ∈ Y such that
ηi(y) ∈̟
−m(̟−1oi⊕ on−i) ⇐⇒ y ∈̟−mL ′i.
Similarly, if φ is invariant under translation by 2̟mL ′i, then η˜iw˜φ is supported
on ̟−mLi. Therefore, since η˜iw˜ ∈ K˜i,
Si,m = S
(
̟−mL ′i/2̟mLi
)
and S ′i,m = S
(
̟−mLi/2̟mL ′i
)
are candidate spaces for the action of K˜i. There are, of course, restrictions on the
permissible values of m: Si,m only makes sense for 2m>−e−1 while S ′i,m only
makes sense for 2m>−e.
Lemma 3. For 06 i6 n, H˜(o) and X˜ǫj−ǫk preserve Si,m and S ′i,m.
Proof. The action of these elements is given by Lemma 2. For h ∈ (o×)n and
t ∈ o, the maps
y 7→ h−1(y) and y 7→ y+ tyjfk
preserve the quotients
̟−mL ′i/2̟mLi = oi/2̟oi⊕ on−i/2on−i,
̟−mLi/2̟mL ′i =̟oi/2oi⊕ on−i/2on−i,
hence the lemma. 
The following lemma and corollary will play a role in computing certain eigenspaces
in the Weil representation.
Lemma 4. Fix r,s ∈ o and m ∈ Z. If ψ(tr2) = ψ(ts2) for all t ∈ ̟mo, then
r≡±s modulo 2̟−⌊m/2⌋o.
Proof. Since the conductor of ψ is 2e, the hypothesis ψ(t(r− s)(r+ s)) = 1 im-
plies that
2max{val(r− s), val(r+ s)}> val(r− s)+val(r+ s)> 2e−m.
As val(r± s) is an integer, one of r− s or r+ s is in 2̟−⌊m/2⌋o. 
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Corollary 5. For x ∈ kn and m ∈ Z, define the character ψx,m on Symn(̟mo),
the additive group of symmetric n×n matrices with entries in ̟mo, by
ψx,m(a) =ψ(
⊺xax).
For x,y ∈ kn, the following conditions hold.
1. If m6 1 and ψx,m =ψy,m, then x is congruent to y modulo 2on.
2. If m6−1 and ψx,m =ψy,m, then x is congruent to ±y modulo 2̟on.
Proof. The condition ψx,m =ψy,m translates to
ψ(⊺xax) =ψ(⊺yay) for all a ∈ Symn(̟mo).
Taking a = tEii, this gives ψ(tx2i) = ψ(ty2i) for all t ∈̟mo, hence xi ≡ ±yi
modulo 2̟−⌊m/2⌋o by Lemma 4.
In the first case where m6 1, one has xi ≡±yi modulo 2o, hence xi ≡ yi. As
this is true for each i, it must hold that x≡ y modulo 2on.
In the second case where m 6 −1, one has xi ≡ ±yi modulo 2̟o for each i,
so it remains to verify that the sign is independent of the index. If this is not the
case, then there exist indeces i, j such that
−yiyj ≡ xixj 6≡−xixj modulo 2̟o,
hence val(xixj) = 0. Taking a= t(Eij+Eji) for t ∈̟mo, the original hypothesis
implies that
ψ(2txixj) =ψ(2tyiyj).
The congruence above then gives that
ψ(4txixj) = 1 for all t ∈̟mo,
which is a contradiction since 4txixj is not necessarily in 4o. 
7.1. K˜0-types. Since L ′0 = L0 = on, the chain of lattices is
· · · ⊂̟L0 =̟L
′
0 ⊂ L0 = L
′
0 ⊂̟
−1L0 =̟
−1L ′0 ⊂ ·· · ,
hence
S ′0,m = S0,m = S(̟
−mL0/2̟mL0) = S(̟−mon/2̟mo).
The main result of this section is that K˜0 acts irreducibly on S0,0 = S(L0/2L0);
this space contains no odd functions and {φx : x ∈ L0/2L0} is a basis, where φx is
the characterstic function X(x+2L0).
Recall that K˜0 is generated by the X˜αj (0 6 j 6 n) along with w˜ and H(o).
Moreover, x˜(a) is in K˜0 if and only if a ∈Mn(o) with ⊺a= a.
Theorem A.1. The group K˜0 preserves the filtration
S0,0 ⊂ S0,1 ⊂ S0,2 ⊂ . . .
and acts irreducibly on S0,0 = S(L0/2L0) = S(on/2on).
12 G. SAVIN AND A. WOOD
Proof. Fix m > 0. By Lemma 3, to prove that K˜0 preserves S0,m, it remains to
consider the action of X˜αn = X˜2ǫn and w˜−1X˜α0w˜ = X˜−α0+1 = X˜2ǫ1 . For any
16 j6 n, [
x˜2ǫj(t)φ
]
(y) =ψ(ty2j)φ(y),
so φ and x˜2ǫj(t)φ have the same support. If t ∈ o and yj ∈ ̟−mo, then both
2tyj(2̟mo) and t(2̟mo)2 are subsets of 4o; hence,
ψ
(
t(yj+2̟mo)2
)
=ψ(ty2j).
Therefore, ifφ is invariant under translation by 2̟mL0, then so is x˜2ǫj(t)φ, prov-
ing that K˜0 indeed acts on S0,m.
Finally, the question of irreducibility is considered. For x ∈ L0/2L0 and a ∈
Symn(o), x˜(a) acts on φx by the character ψx,0 as in Corollary 5. This corollary
implies that the characters ψx,0 (x ∈ L0/2L0) are distinct, so an irreducible compo-
nent of S0,0 must be a direct sum of lines of the form Cφx. Similarly, w˜−1x˜(a)w˜
acts on φ̂x by the character ψx,0, so an irreducible component is a direct sum of
lines Cφ̂x. The component containing
φ̂0 =
∑
x∈L0/2L0
φx
must therefore be all of S0,0. 
Remark 6. The proof of the irreducibility of the action restricted to K˜0 on S0,0
holds as well for the the action restricted to I˜. Indeed, since I˜ contains w˜−1x˜(a)w˜
for a ∈ Symn(̟o), Corollary 5 still implies that the corresponding eigenspaces
are Cφ̂x (x ∈ L0/2L0).
7.2. K˜n-types. Since ̟L ′n = Ln =̟on, the chain of lattices is
· · · ⊂̟2L ′n =̟Ln ⊂̟L
′
n = Ln ⊂ L
′
n =̟
−1Ln ⊂ ·· · ,
hence
S ′n,m+1 = Sn,m = S(̟
−mL ′n/2̟mLn) = S(̟−mon/2̟m+1on).
The main result of this section is that K˜n acts irreducibly on the even and odd
components of
Sn,0 = S(L
′
n/2Ln) = S(on/2̟on);
a basis for S±n,0 is {φ±x : x ∈ L ′n/2Ln (modulo ±1)}, where
φ+x =
{
X(x+2Ln) if x ∈ Ln,
X(x+2Ln)+X(−x+2Ln) if x /∈ Ln,
φ−x = X(x+2Ln)−X(−x+2Ln).
Recall that K˜n is generated the X˜αj (0 6 j 6 n) along with H(o) and η˜nw˜.
Moreover, x˜(a) is in K˜n if and only if a ∈Mn(̟−1o) with ⊺a = a.
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Theorem A.2. The group K˜n preserves the filtration
Sn,0 ⊂ Sn,1 ⊂ Sn,2 ⊂ . . .
and acts irreducibly on S±n,0 = S(L ′n/2Ln)± = S(on/2̟on)±.
Proof. Fix m > 0. By Lemma 3 and the comment preceding it, to see that K˜n
preserves Sn,m, it remains to consider the action of X˜α0 and X˜αn .
Since
X˜α0 = X˜−2ǫ1+1 = w˜
−1X˜2ǫ1+1w˜,
it must be shown that X˜2ǫ1+1 preserves the Fourier transform of the space Sn,m,
namely S(̟−m−1on/2̟mon). For φ ∈ Sn,m,[
x˜2ǫ1(t)φ̂
]
(y) =ψ(ty21)φ̂(y),
so x˜2ǫ1(t)φ̂ has the same support as φ̂. If t ∈̟o and y ∈̟−m−1on, then both
2ty1(2̟mo) and t(2̟mo)2 are subsets of 4o; hence,
ψ
(
t(y1 +2̟mo)2
)
=ψ(ty21).
Therefore, if φ̂ is invariant under translation by 2̟mon, then so is x˜2ǫ1(t)φ̂.
The proof that X˜αn acts on Sn,m follows from the proof of Theorem A.1 and
the fact that S0,m ⊃ Sn,m.
It remains to show that K˜n acts irreducibly on S±n,0. For x ∈ L0/2Ln and
a ∈ Symn(̟−1o), the element x˜(a) ∈ K˜n acts on the line Cφ±x by the charac-
ter ψx,−1 as in Corollary 5. By the corollary, since 2Ln = 2̟on, these characters
are distinct as x varies over L0/2Ln. Technically speaking, the corollary only gives
distinctness as x varies modulo ±1, but the equality Cφ±x = Cφ±−x nullifies this
issue. Thus, an irreducible component of S±n,0 decomposes in terms of the Cφ±x .
By Lemma 1,
φ̂+0 = X̂(2Ln) = vol(2Ln)X(̟
−1L ′n),
so η˜nw˜ ∈ K˜n acts on φ+0 by[
η˜nw˜φ
+
0
]
(y) = cφ̂+0
(
ηn(y)
)
= cφ̂+0 (̟
−1y)
= cvol(2Ln)
∑
x∈L ′n/2Ln
X(x+2Ln).
Therefore, the component of S+n,0 containing φ
+
0 must be all of S
+
n,0.
Suppose now that U is a nonzero irreducible component of S−n,0; that is, suppose
that there exists z ∈ on r̟on with Cφ−z ⊂ U. Each h˜(a), a ∈ GLn(o), acts
(essentially) geometrically, so ⊕
z ′∈GLn(o)z
Cφ−z ′ ⊂U.
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Let x ∈ onr̟on. The action of η˜nw˜ on φ−x is given by[
η˜nw˜φ
−
x
]
(y) = cφ̂−x (̟
−1y)
= c
(
ψ(2⊺xy)−ψ(−2⊺xy)
)
φ̂0(̟
−1y)
= c
(
ψ(2⊺xy)−ψ(−2⊺xy)
)
[η˜nw˜X(2Ln)](y).
Since x= (x1, . . . ,xn) /∈̟on, there exists an index j such that xj ∈ o×. Moreover,
as z ∈ onr̟on, there exists z ′ ∈ GLn(o)z such that the jth coordinate z ′j is in
o× while the remaining coordinates are in ̟o. Then, ⊺xz ′ ∈ o×, hence
ψ(2⊺xz ′) 6=ψ(−2⊺xz ′).
Therefore, η˜nw˜φ−x is nonzero on z ′, i.e.,φ−x is in the same component asφ−z ′ ∈U.
As x was arbitrary, the irreducible component U must be all of S−n,0. 
7.3. K˜i types. For 0 < i < n, the spaces
Si,m = S(̟
−mL ′i/2̟mLi), S ′i,m = S(̟−mLi/2̟mL ′i)
are all distinct. As Li =̟oi⊕ on−i and L ′i = on,
Si,m = S(̟
−moi/2̟m+1oi)⊗S(̟−mon−i/2̟mon−i),
S ′i,m = S(̟
−m+1oi/2̟moi)⊗S(̟−mon−i/2̟mon−i).
Theorem A.3. The group K˜i preserves the filtration
Si,0 ⊂ S
′
i,1 ⊂ Si,1 ⊂ S
′
i,2 ⊂ Si,2 ⊂ . . .
and acts irreducibly on S±i,0 = S(L ′i/2Li)± = S(oi/2̟oi)±⊗S(on−i/2on−i).
Proof. It is first proved that Si,m (m> 0) and S ′i,m (m> 1) are representations of
K˜i by considering the generators H˜(o), X˜−αi+1, and Xαj (06 j6 n).
The group generated by the X˜αj (j < i) is a subgroup of S˜p2i(k) of ‘type K˜n’,
which acts exclusively on the first component of the tensor product as in Theorem
A.2. The group generated by the X˜αj (j > i) is a subgroup of S˜p2(n−i)(k) of
‘type K˜0’, which acts exclusively on the second component of the tensor product
as in Theorem A.1. From the proofs of these theorems, it is seen that X˜α0 and
X˜αn preserve both Si,m and S ′i,m. Lemma 3 guarantees that H˜(o) and the X˜αj
(0 < j < n) preserve these spaces as well. Lastly, since
η˜iw˜X˜αiw˜
−1η˜−1i = X˜−αi+1,
then X˜−αi+1 must also preserve these spaces. Note that the restrictions on the
values of m arise from the proofs of Theorems A.1 and A.2.
The irreducibility of S±i,0 follows from these same theorems since
〈X˜αj : 06 j < i〉 and 〈X˜αj : i < j6 n〉
act irreducibly on the respective tensor product components of S±i,0. 
ON THE METAPLECTIC GROUP IN EVEN RESIDUAL CHARACTERISTIC 15
REFERENCES
[1] W.T. GAN, G. SAVIN, Irreducible Representations of Metaplectic Groups II: Hecke Algebra
Correspondences, Represent. Theory 16 (2012), 513-539.
[2] N. IWAHORI, H. MATSUMOTO, On some Bruhat decomposition and the structure of the Hecke
rings of p-adic reductive groups, Pub. Math. IHES, 25 (1965), pp. 5-48.
[3] D. PRASAD, A brief survey of the theta correspondence, Contemporary Math. 210, Amer. Math.
Soc. (1998), pp. 171-193.
[4] R. STEINBERG, Lectures on Chevalley Groups, Yale University (1968).
[5] S. TAKEDA, A. WOOD, Hecke algebra correspondences for the metaplectic group, preprint
(2014).
[6] A. WEIL, Sur certains groupes d’ope´rateurs unitaires, Acta Math. 111 (1964), pp. 143-211.
[7] A. WOOD, A minimal type of the 2-adic Weil representation, Math. Z. Vol 277, Issue 1 (2014),
pp. 257-283.
Gordan Savin, DEPTARTMENT OF MATHEMATICS,
UNIVERSITY OF UTAH, SALT LAKE CITY, UT 84112
Email: savin@math.utah.edu
Aaron Wood, DEPARTMENT OF MATHEMATICS,
UNIVERSITY OF MISSOURI, COLUMBIA, MO 65201
Email: woodad@missouri.edu
